arXiv:1507.04597vl [hep-th] 16Jul2015 


Phantom Metrics With Killing Spinors 


W. A. Sabra 


Centre for Advanced Mathematical Sciences and Physics Department 
American University of Beirut 
Lebanon 


Abstract 

We study metric solutions of Einstein-anti-Maxwell theory admitting Killing spinors. The 
analogue of the IWP metric which admits a space-like Killing vector is found and is expressed 
in terms of a complex function satisfying the wave equation in flat (2-|-l)-dimensional space- 
time. As examples, electric and magnetic Kasner spaces are constructed by allowing the 
solution to depend only on the time coordinate. Euclidean solutions are also presented. 


1 Introduction 


The first systematic classification of metrics admitting snpercovariantly constant spinors in 
Einstein-Maxwell theory was performed many years ago by Tod in [1]. The analysis of Tod 
was to some extent motivated by the results of Gibbons and Hull [2]. The metrics found 
in |T] are bosonic solutions of minimal N = 2 supergravity theory admitting half of the super- 
symmetry. In the context of the supergravity theory, the Killing spinor equation represents 
the vanishing of the gravitini supersymmetry transformation in a bosonic background. The 
metrics with a time-like Killing vector are the known Israel-Wilson-Perjes (IWP) metrics |3] 
with the static limit given by the Majumdar-Papapetrou (MP) metrics [1]. The second 
class of metrics with a null-Killing vector is given by plane-wave space-times [5]. In recent 
years, a considerable amount of research activities has been devoted to the understanding 
and the systematic classihcation of supersymmetric solutions in ungauged, gauged and fake 
(de Sitter) supergravity theories in various dimensions (see for example [6]). Fake de Sitter 
supergravity can be obtained by analytic continuation of anti de Sitter supergravity. We 
also note that de Sitter supergravities can also be obtained as genuine low energy effective 
theories of the so called * theories of [7]. For instance, a non-linear Kaluza Klein reduction 
arising of IIB* string theory and M* theory produce four and Eve-dimensional de Sitter 
supergravities with vector multiplets. However these theories have actions where some of 
the gauge helds kinetic terms have the non-conventional sign [8]. Black hole solutions with 
anti or phantom Maxwell helds l] have been studied and analyzed in |9]. Black hole solutions 
with phantom helds and their relations to astrophysics and dark matter were also considered 
by many authors (see [lO] and references therein). However, to our knowledge phantom 
solutions with Killing spinors have not yet been discussed. 

In our present work, we shall study metrics admitting Killing spinors in gravitational the¬ 
ories with anti-Maxwell helds. We shall only focus on the simplest theory of four-dimensional 
Einstein gravity coupled to a Maxwell held as a hrst step for a future study of supergravity 
theories with many anti-Maxwell and scalar helds in various space-time dimensions. We will 
consider both the Lorentzian and the Euclidean theory. The action of the theory is given by 

S = j d"xv^ + , (1.1) 

where is the U{1) gauge held strength. We have introduced a parameter k which for 
^where anti or phantom Maxwell field refers to an electromagnetic field of the opposite sign from usual 
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K = i, corresponds to the standard Einstein-Maxwell theory and for k = 1 corresponds to 
the Einstein-anti-Maxwell theory, i.e., where the Maxwell held kinetic term comes with the 
wrong sign. The signatnre of the metric is taken to be (—, +, +, +). For k = 1, this action 
can be thonght of as the bosonic part of a fake minimal N = 2, D = 4 snpergravity. The 
Einstein and gange held eqnations derived from fll.ip are 



( 1 . 2 ) 


d* F = 0 . 


Here F is the two form representing the gauge held strength F^y. The Killing spinor equation 
is given by 



(1.3) 


where £ is a non-zero Dirac Killing spinor and are the spin connections components. 

For K = i, the Killing spinor equation is simply the vanishing of the gravitini supersymmetry 
transformation in a bosonic background of minimal N = 2, D = A snpergravity. 

We note that if one interchanges F by its Hodge dual * F in the Lorentzian Einstein- 
Maxwell equations, this simply maps solutions to solutions as Lorentzian Maxwell stress 
energy tensor is unchanged by this transformation. In the Euclidean case, however, this is no 
longer the case and the stress energy tensor picks up a minus sign. Therefore with Euclidean 
signatures, solutions for theory with the wrong sign of the coupling of Maxwell held are those 
for the theory with the ’’correct” sign of the coupling but with F and * F interchanged HU. 
This can also be seen from the inspection of the Killing spinor equations na. 

We shall use the spinorial geometry method which has proved to be a very powerful 
method in the classihcation of geometric backgrounds admitting various fractions of super- 
symmetry in snpergravity theories. The isomorphism between Clihord algebras and exterior 
algebras allows one to express the Killing spinor in terms of diherential forms. The canonical 
forms of the spinor are basically representatives up to gauge transformations which preserve 
the supercovariant connection (the reader can refer to [13] for spin geometry as well as 
supersymmetric black holes classihcations). 

Following [13], Dirac spinors in four space-time dimensions can be written as complexihed 
forms on 


£ — A1 -|- /iic -|- jji2£ T , 


(1.4) 
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where e^, are 1-forms on and A e^. The functions A, //j and a are complex 

functions. The action of 7 -matrices on these forms is given by 


70 — A +ie' 2 , 

71 = A +iei, 

72 = A +ie2 , 

73 = z(e^ A-v) . ( 1 . 5 ) 

and 75 is dehned by 75 = ^70123 and satishes 

751 = 1, 756^^ = 756* =-e*, z = 1,2. (1.6) 

Following |T 3 ] we dehne 


7+ 

7- 

7i 

7i 


1 

7 ! 

1 

7! 

1 

7 ! 

1 

7 ! 


(72 + 7o) = '/ 2 ie 2 , 
(72 - 7o) = \/2e^A, 
(71 + * 73 ) = 72^1, 
(71 - * 73 ) = 72e^ A 


(1.7) 


In this basis the non-zero metric components are given by _= 1 , 5 'ii = 1. 

As has been demonstrated in [TT], using Spin{3, 1 ) gauge transformations, one hnds the 
three canonical orbits: 


8 = 1 + 112^^, e = l+nie^, e = e^, ( 1 . 8 ) 

where pi and /i 2 are complex function. Note that the hrst orbit represents the Killing spinor 
for the IWP metric which has a time-like Killing vector. The other two orbits correspond 
to plane-waves with null Killing vector. In this letter we are interested in hnding phantom 
solutions for the Killing spinor e = 1 -|- /re^. Similarly we consider the analogue solutions in 
the Euclidean case. 
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2 Phantom IWP solutions 


For the orbit £ = 1 + /re^, the integrability conditions of the Killing spinor equation are 
consistent with the equations of motion. Any solution of the Killing spinor equation in 
which the gauge held satishes the Bianchi identity and Maxwell equation is automatically a 
solution of Einstein equations of motion. 

Our solution can be written in the form 

dsl = 2e~^e~ + 2e^e^. (2.1) 

Plugging e = 1 + fie^ in fll.Sp and using fll.7|) . the Killing spinor equations amounts to a set 
of sixteen algebraic and differential equations: 

“ \/2K/i(F+_ + Fii) = 0, 

w+-1 = 0, 

~ = Oj 

^+,+1 A = 0, 

+ ‘^-,11 = 0) 

HU——I = 0 , 

<^-,+1 = 0) 

Ui^+- + Ui^ii = 0 , 

<^1,-1 = 0, 

diH + — 1^1,it) = Oj 

1^1,+1 = 0) 

+ wyn) + kV2hF_j = 0, 

~ 

~ + kV2F^i = 0, 

wy+i —+ Fii) = 0. (2.2) 
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The analysis of this system of equations gives the following relations for the gauge field 
strength components 


F^- = 


Fit = 




F-i = 
F+i = 


K 


\/ 2 |/i| 




together with the relation 

(9+ + K^|/i|^(9_) /i = 0. 

We also obtain for the spin connections 


(2.3) 


(2.4) 


u+- = — di log/ie^ — di logpe^, 

uj^T = K^\fi\‘^d_ log —e’*' + di log /re^ — di log fte^, 
h 

u+i = ( d-Jie^ — ) , 


1 / 


hVI/^P 


dine + d-jjie^ ) . 


The equations f|2.4p and 


can be used to demonstrate that the vector V, 


(2.5) 


V = + K^e = |/ip5_ + K^d+ (2.6) 

is a Killing vector which is space-like for = 1 and time-like for k? = —1. 

Moreover, the vanishing of the torsion, i.e., 

de“ + 0;“;, A o'* = 0, (2.7) 

implies the following relations 


and 


= —d (log //) A e^. 


( 2 . 8 ) 


de"*" 




A log /ie^ -I- di log j -|- d- log A e^, 


(2.9) 
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and 


de = —K^d- (|/x|^) e’*' A e + log+ di log/ie^ j A e 
— {fJ-d-fi — fid-fi) A — n^e'^ A ( fidifie^ + fidifie^ 


( 2 . 10 ) 


Using these relations, it can be shown that (|/ipe+ — K^e ) satisfies 


d (|/ipe+— ) = 0. (2.11) 

and thus is a total differentia]^. 

The relations fl2.6p . fl2.8p and fl2.1ip . enable us to introduce the real coordinates (t, x, y, z) 
coordinates, such that 


e = 




1 


e = 


e = 


(^dz + {dt + 


^/2|/i|2 

{dx + idy). 


( 2 . 12 ) 


Here 0 is a one form independent of the coordinate t and 0^ = 0. Note that fl2.4l) implies 
that y is independent of t. The metric is therefore given by 


dsl = 2e'^e + 2e^e^ = K^\y\‘^ {dt + +-^dsl (2.13) 

l/^r 

where ds^ = {—K^dz^ + + dy‘^). Moreover, substituting the relations fl2.12p into fl2.9p or 

(I2.inp . one can derive the relation 

#=^* 3 dlog^, (2.14) 

l/^r h 

where *3 is the Hodge dual with metric ds|. 

Using (12.3p . (I2.12P and 

^Note that (|/xpe+ + K^e“) and | (/ipe+ — K?e~) are related to Hermitian inner products by 
V2 (|Atpe+ - e“) =< 7oe, 7 a£ >; {\y\‘^e+ + e~) =< 7o£, 'j 5 "fa£ > ■ 
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(2.15) 




we obtain for the gauge field strength two form 


1 % 

F = -d {Rfl + K/i) A (df + 0) - TTi—pr *3 d {Rfi - Kp.) 

2 2|/i|^ 


The dual gauge held strength two form is given by 


(2.16) 


z 1 

* F = -d (Rj2 — K/j.) A (dt + (p) -j—-r- * d (Rfi + up) 

2 2|/z|2 

Using (I2.14p . F and * F can be rewritten in the form 


F=-d 

2 

*F = -d 
2 


- + ^) {dt + (p) 


K 


K 


K 


K 


-*di --- 

fj, fX 


(- - {dt + (p) 

\K K/ 


K 


K 


— * d \ —h — 


.K 

Then Bianchi identity together with Maxwell equation imply that 

' K K 


= 


K K 

- ~ 

fi /i 


= 0 , 


= (rt + a; - K^aa. 


(2.17) 


(2.18) 


For K = i, the solution obtained is the IWP metric [3] where the inverse of /r is a complex 
harmonic function . For k = 1, we obtain the new solutions in which the inverse of p satishes 
the wave equation in hat (2 + l)-space-time. For n = 1, fx = p, we obtain the analogue of 
the electric MP solution |1] 

^ {—dz^ + dx^ + dy^) , 

A = fxdt, 

(a^ + aj - (i) = 0. (2.19) 

where A is the gauge held one form. For /i = ia, we get the magnetic solution 

ds^ = a^df^ + At {—dz^ + dx^ + dy"^) 

{dl + dl-K^dl) = 0 . ( 2 . 20 ) 
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2.1 Charged Kasner Universe 

As special interesting phantom metric examples, we take as a solution to the wave equation 
in flat (2 + l)-space-time, 

/i = - (2.21) 

‘Z/ 

with constant q. The metric and the gauge held strength then take the form 


ds^ = — ^dz^ + ^ idx^ + dy^) , 

z2 q2 q2 \ 

F = dA = —^dz A dt. 
z^ 

Introducing the new coordinates 



then the metric takes the Kasner form [T5] 


( 2 . 22 ) 


(2.23) 


3 

(^dx^Y > 

i=i 

F = -^dTAdx^ 


with the Kasner exponents 


1 1 
Pi=P 2 = -, P 3 = -^- 

Note that here the Kasner exponents satisfy the conditions 



i=i i=i 


while in vacuum they satisfy 

j=i i=i 

For y = ia = —, we get the solution 


(2.24) 


(2.25) 


(2.26) 


(2.27) 



( 2 . 28 ) 


ds'^ = {—dz^ + dx^ + dy^) , 

F = pdx A dy. 

This metric takes the Kasner form 


ds'^ = —dr'^ + r {dx^Y + r {dx^Y + 'T' ^ {dx^"^ , 

F = A dx^, (2.29) 

where we have introduced the coordinates 

T = = ^^x, x^ = ^/^y, x^ = (2-30) 

3 Euclidean solutions 

As already mentioned, one does not get new exotic solutions with phantom Euclidean 
Maxwell helds. The metric solution is independent of the sign of the coupling of the Maxwell 
held. For the sake of completeness, we briehy present the solutions for both couplings in a 
unihed fashion. We take the metric to be of the form na 

ds"^ = 2e^e^ + 2e^e^. (3.1) 

Dirac spinor is taken to be a linear combination of the complexihed space of forms on M^, 
with basis {1, Ci, 62 , ei 2 = ei A 62 }. In this basis, the action of the Dirac matrices 7 ^ on the 
Dirac spinors is given by 

7™ '^m, V^e^A (3.2) 

for m = 1,2. We also dehne 75 = 71122 - Euclidean version of the IWP metric were found 
in [ 12 ] for the case k = i, and orbit 

e = A1 + crei, (3.3) 

with real A and a. Keeping k as a parameter, then the analysis of the Killing spinor equation 
for the orbit (13.3p gives the geometric conditions 
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Uii = 82 log —— di log crAe^ — 82 log —+ 81 log aAe^ , 
a a 


cr 1 „ , a I 


UJ 22 = 82 log Xae^ — 82 log Xae^ + 81 log — log — e 

A A 

UJ 21 = — 2 k ^82 log Ae^ — 28i log Ae^, 

UJ21 = —logcre^ — 28 i\ogae^, 

together with the condition 

(c)i + k^8i) cr = (c)i + k^8i) a = 0. 

For the gange held strength we get 


(3.4) 


(3.5) 


F 22 — 


V2Xa 

1 


^ , X^ , 1 , 82a^ 2 , d2X^ 2 

ai I-h — H- 

K K / K K 


y/2X 


a 


82X^ 2 ^2- 2 1 

^ Ae^ + 


2 

-e^ + e“ 


K 


K 


V 2 X 


-81 


a 


A 

K K 


A el 


(3.6) 


For torsion free metric, the conditions fl3.4p and fl3.5p imply that Act (e^ — is a total 
differential and that KXa (e^ + is a Killing vector. This enables ns to introduce the 

coordinates (r, x, y, z) and write 


= —p= f—iK- -1—Act (dr + 0)^ , = —=— (dy + idz) 

^/2 \ Xa K J V2Act 


and the solution is given by 


ds^ = (Act)^ [dr + 0)^ H- 2 [dx^ + dy‘^ + dz^) , 

(Act) 

dcp = *d\og-, 

(Act) ct 

F = ^d [(kV^ + A^) {dr + 0)] + 1 * d , 

^ + A] + ^ * c? ■ (3-7) 

with A and cr independent of r. The Bianchi identity and Maxwell equation imply the equa¬ 
tions 
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where = dl + dy + dl- 


In summary, the method of spinorial geometry is used to hud IWP analogue solutions in 
four-dimensional Einstein-anti-Maxwell theory admitting Killing spinors. The analysis of the 
Killing spinor equation reveals the existence of a Killing vector and a total differential which 
switch roles when one changes the coupling of the Maxwell held. The phantom solutions 
found admit a space-like Killing vector and constitute the time-dependent analogues of the 
IWP metrics of the canonical Einstein-Maxwell theory. The solutions are expressed in terms 
of a complex function satisfying the wave equation in a hat (2 -|- l)-space-time. As examples, 
electric and magnetic Kasner spaces can be constructed by specializing to solutions that 
depend only on the time coordinate. The Kasner exponent sum rules of the vacuum Kasner 
solution get modihed in the presence of a phantom U{1) gauge held. Phantom Euclidean 
solutions are also presented. In the Euclidean case, the phantom metric is the same as in 
the ordinary Einstein-Maxwell theory but with the roles of F and * F interchanged. Our 
analysis can be extended to theories with anti-scalars and anti-vector multiplets in ungauged 
and gauged supergravity models in various dimensions. Work in this direction is in progress. 

Acknowledgements ; The work of W. S is supported in part by the National Science 
Foundation under grant number PHY-1415659. The author would like to thank D. Klemm 
and G. W. Gibbons for useful discussions. 


References 

[1] K. P. Tod, All Metrics Admitting Supercovariantly Constant Spinors, Phys. Lett. B121 
(1983) 241. 

[2] G. W. Gibbons and G. M. Hull, A Bogomolny Bound for General Relativity and Solitons 
in N=2 Supergravity, Phys. Lett. B109 (1982) 190. 

[3] Z. Perjes, Solutions of the coupled Einstein-Maxwell eguations representing the fields of 
spinning sources, Phys. Rev. Lett. 27 (1971) 1668; W. Israel and G. A. Wilson, A Class 
of stationary electromagnetic vacuum fields, J. Math. Phys. 13 (1972) 865. 

[4] S. D. Majumdar, A Class of Exact Solutions of Einstein’s Eield Eguations, Phys. Rev. 
72 (1947) 930; A. Papapetrou, Proc. Roy. Irish. Acad. A51 (1947) 191. 


11 



[5] D. Kramer, H. Stephani, M. MacCallum and E. Herlt, Exact solutions of Einstein’s 
equations, Cambridge U. P., London, 1980. 

[6] D. Klemm and E. Zorzan, All null supersymmetric backgrounds of N = 2, D = 4 
gauged supergravity coupled to abelian vector multiplets, Class. Quant. Grav. 26 (2009) 
145018; S. L. Cacciatori, D. Klemm, D. S. Mansi and E. Zorzan, All timelike supersym¬ 
metric solutions of N=2, D=4 gauged supergravity coupled to abelian vector multiplets, 
JHEP 05 (2008) 097; J. Grover, J. B. Gutowski, C. A. R. Herdeiro, P. Meessen, A. 
Palomo-Lozano and W. A. Sabra, Gauduchon-Tod structures, Sim holonomy and De 
Sitter supergravity, JHEP 07 (2009) 069; J. B. Gutowski and W. A. Sabra, Solutions 
of Minimal Eour Dimensional de Sitter Supergravity, Class. Quant. Grav. 27 (2010) 
235017; J. Grover, J. B. Gutowski, C. A. R. Herdeiro and W. A. Sabra, EIKT Geometry 
and de Sitter Supergravity, Nucl. Phys. B809 (2009) 406; J. Grover, J. B. Gutowski 
and W. A. Sabra, Null Elalf-Supersymmetric Solutions in Eive-Dimensional Supergrav¬ 
ity, JHEP 10 (2008) 103; U. Gran, J. Gutowski and G. Papadopoulos, Geometry of 
all supersymmetric four-dimensional N = 1 supergravity backgrounds, JHEP 06 (2008) 
102 . 

[7] C. M. Hull, Timelike T-duality, de Sitter space, large N gauge theories and topological 
field theory, JHEP 07 (1998) 021; C. M. Hull, Duality and the signature of space-time, 
JHEP 11 (1998) 017; C. M. Hull, De Sitter space in supergravity and M theory, JHEP 
11 ( 2001 ) 012 . 

[8] J. T. Liu, W. A. Sabra and W. Y. Wen, Gonsistent reductions of IIB*/M* theory and 
de Sitter supergravity, JHEP 01 (2004) 007. 

[9] G. W. Gibbons and D. A. Rasheed, Dyson Pairs and Zero-Mass Black Etoles, Nucl. 
Phys. B476 (1996) 515. 

[10] G. N. Gyulchev and van Zh. Stefanov, Gravitational Tensing by Phantom Black holes, 
Phys. Rev. D87 (2013) 063005. 

[11] M. Dunajski, J. B. Gutowski, W. A. Sabra and P. Tod, Gosmological Einstein-Maxwell 
instantons and Euclidean supersymmetry: anti-self-dual solutions. Class. Quant. Grav. 


12 



28 (2011) 025007; M. Dunajski, J. B. Gutowski, W. A. Sabra and P. Tod, Cosmolog¬ 
ical Einstein-Maxwell Instantons and Euclidean Supersymmetry: Beyond Self-Duality, 
JHEP 03 (2011) 131. 

[12] J. B. Gutowski and W. A. Sabra, Gravitational Instantons and Euclidean Supersymme¬ 
try, Phys. Lett. B693 (2010) 498. 

[13] H. Blaine Lawson and Marie-Louise Michelsohn, Spin Geometry, Princeton Univer¬ 
sity Press (1989); McKenzie Y. Wang, Parallel Spinors and Parallel Porms, Ann. 
Global Anal Geom. 7, No 1 (1989); 59. F. R. Harvey, Spinors and Calibrations, Aca¬ 
demic Press, London (1990); J. Gillard, U. Gran and G. Papadopoulos, The Spino- 
rial Geometry of Supersymmetric Backgrounds, Glass. Quant. Grav. 22 (2005) 1033; 
Spinorial Geometry and Supergravity, J. Gillard, Spinorial Geometry and Supergravity, 
arXiv:hep-th/0608139. 

[14] J. Grover, J. B. Gutowski and W. A. Sabra, Maximally minimal preons in four dimen¬ 
sions, Glass. Quant. Grav. 24 (2007) 3259. 

[15] E. Kasner, Geometrical theorems on Einstein’s cosmological eguations. Am. J. Math. 43 
(1921) 217. 


13 


